NON-INTERSECTION BODIES ALL OF WHOSE CENTRAL 
SECTIONS ARE INTERSECTION BODIES. 



M.YASKINA 

Abstract. We construct symmetric convex bodies that are not inter- 
section bodies, but all of their central hyperplane sections are inter- 
section bodies. This result extends the studies by Weil in the case of 
zonoids and by Neyman in the case of subspaces of L p . 



1. Introduction 

The concept of an intersection body was introduced by Lutwak |Luj in 
1988. Let K and L be origin symmetric star bodies in W 1 . Following |Luj . we 
say that K is the intersection body of L if the radius of K in every direction 
is equal to the volume of the central hyperplane section of L perpendicular 
to this direction, i.e. for every £ £ l f? n ~ 1 , 

\\i\\f=vo\ n ^{L^^). 

The closure in the radial metric of the class of intersection bodies of star 
bodies gives the class of intersection bodies. 

Intersection bodies played an important role in the solution of the Buse- 
mann-Petty problem (see |(tKS| and |Zh2j for the solution and historical 
details). Posed in 1956, BP , the Busemann-Petty problem asks the fol- 
lowing. Let K and L be two origin-symmetric convex bodies in M n so that 
the (n — l)-dimensional volume of every central hyperplane section of K is 
smaller that the same for L. Does it follow that the n-dimensional volume 
of K is smaller than the n-dimensional volume of LI The answer turns out 
to be affirmative for dimensions n < 4 and negative for n > 5. 

The connection between intersection bodies and the Busemann-Petty 
problem was found by Lutwak |Luj . First, the answer to the problem is 
affirmative if K is an intersection body and L is any origin-symmetric star 
body. On the other hand, if L is an origin-symmetric convex body that is 
not an intersection body, one can perturb L to construct a counterexample 
to the Busemann-Petty problem. Hence, a solution to the problem in M n 
is affirmative if and only if every infinitely smooth origin-symmetric con- 
vex body in M. n is an intersection body, which is the case for dimensions 
n < 4. Examples of non-intersection bodies in dimensions 5 and higher were 
constructed in [UaT| . |ZnT] . [HkS| . |K3j . 

In this paper we are interested in the following problem. Does there exist 
a convex body K that is not an intersection body, but every its section by 
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a central hyperplane is an intersection body? We construct an example of 
such a body for dimensions n > 5. Our result can also be considered as a 
new way of constructing non-intersection bodies. 

This paper was motivated by results of W.Weil |Wj and A.Neyman |Nj . 
In 1982 W.Weil, |Wj . showed that it is not possible to characterize zonoids 
by means of their projections. He constructed a convex body in R n (n > 3) 
that is not a zonoid but all its projections onto hyperplanes are zonoids. 
A.Neyman in [N] showed that there are n-dimensional normed spaces that 
do not embed in L p , but all their (n — 1) -dimensional subspaces embed in 
L p for p > 0. He used this to prove that for p > 0, p ^ 2, L p is not 
characterized by a finite number of equations. Let us note that M. Burger 
in [B] used another approach to show that, for n > 3, zonoids cannot be 
characterized by a finite number of piecewise inequalities. A.Koldobsky in 
|K4j introduced the concept of embedding of a normed spaces in L p , p < 0, 
and proved that intersection bodies are the unit balls of spaces that embed 
in L-\. Therefore, our result can be considered as an extension of Neyman's 
example to negative p. 

2. Main Results 

Our main tool is the Fourier transform of distributions. The Fourier trans- 
form of a distribution / is defined by (/, <f>) = (/, ij>) for every test function 
<j) from the Schwartz space S of rapidly decreasing infinitely differentiable 
functions on W 1 . For any even distribution /, we have (/) A = (27r) n /. 

A distribution is positive definite if its Fourier transform is a positive 
distribution in the sense that (/, 0) > for every non-negative test function 
(/>; see, for example, |(xV| p. 152]. 

Let K be a convex origin-symmetric body in W 1 . Our definition of a 
convex body assumes that the origin is an interior point of K . The radial 
function of K is given by 

Pk{x) = max{a > : ax G K}, x £R n \ {0} 

The Minkowski norm of K is defined by 

\\x\\k = min{a > : x £ aK}. 

Clearly pk{x) = \\x\[^~ ■ 

The main result of this paper is the following 

Theorem 2.1. There exists a convex body K in W 1 , n > 5, that is not an 
intersection body, but for every (n — 1)- dimensional subspace V o/R ra , K(~)V 
is an intersection body. 

To construct an example of such a body we use a connection between the 
Fourier transform and intersection bodies. A.Koldobsky in |K2j proved that 
an origin-symmetric star body K in M n is an intersection body if and only 
if ll^ll^ 1 is a positive definite distribution. 

We will use Lemma 3.16 from |K5j . It states the following: 
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Lemma 2.2. Let k G N n {0} and f G C 2k {S n ~ l ), f is even, q <2k, q is 
not an odd integer. Then: 

(i) The Fourirer transform of the distribution f (6)r~ n+q+1 is a homogeneous 
of degree — 1 — q continuous on W 1 \ {0} function. If q < 2k then for every 
x G 1", 

f-l) fc vr 



\x\f (f(9)r-^) A (x) 



-2T(2k - q) sin(vr(2/c - q - l)/2) 
x / \(x,0\ 2k - q - 1 A k {f{6)r- n+ <i +1 )) (0^. 



n— 1 



If q = 2k then 

"\2 

X 



x|? fe (/(^)r- n+,?+1 ) (x) = (-l) fe 7r| 



/ A fc (/(^)r-^ +1 )) (Ode, 

JS"- 1 n(x/|a;|2) ± 

where A is i/ie Laplace operator in R n . 

fiij 7/ / G C°°(S' n ~ 1 ) i/ien i/iere exist an even function g G C°°(S n ^ 1 ) so 
that for every x = tf G R n , t ^ 0, £ G S"" 1 , 

(/(0)r-"+«+ 1 ) A ( a; ) = 5 (e)t- 1 ^, 

so £/ie Fourier transform of f(6)r~ n+q+1 is an infinitely smooth function on 
M n \{0}. 

Fix a point xq on the unit sphere S'" 1 ^ 1 . Define a function f £ as follows: 



2e ^-l^-^oi 2 if b — xo| < e 



2 e ^-i*+*ol 2 if|x + x |<e 
otherwise. 
Clearly f e is an infinitely differentiable function. Define a body K by 

||x||^ = ((i-/ £ (#))r-" +1 ) A (x), xgm"\{o}, (i) 

where f e (0)r' p = / £ f- — — \ |x|^~ p , x = (r,9) are polar coordinates in M. n . 

The function ||x[|]^- is infinitely smooth on M. n \ {0} by Lemma 12.21 It 
will be shown in Lemma 12.41 that (/ e (#)r~ n+1 ) A (x) is of the order e n ~ 2 
uniformly with respect to x G S n , therefore \\x\\k is positive for a small 
e. 

Lemma 2.3. For any e > 0, K is not an intersection body. 

Proof. Since f e is an even function, we have 

(||x||^) A = (2^r(l-/ £ W)r-™ +1 , 

which is negative for 6 in some neighborhood of xo- Therefore, by |K2| 
Theorem 1], K is not an intersection body. 

□ 
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Lemma 2.4. There exist constants D\, D2, -D3 so that for every x S S 



n-l 



(/eWr-" +1 ) A (x) 



_n-2 



(x) 



< D x e r 
< L> 2 |lne| -e n ~ 3 



and 



5 2 



dxidxj 



{fe(ey 



,-ra+l\ A 



(X) 



<D 3 e 



n— 4 



Proof. First we show the estimate for the second derivative. Using the 
connection between the Fourier transform and differentiation and Lemma 
O we get 



2 



-n+l\ A 



(x) 



fe 



w ]!,i!JiW ~" +1 



2/1/ 12/1 



7T X 



-3 



where 



9M = fe 



y \ ViVj 



y 



£ S 



n-l 



\y\j \y\ \y\ 

Note that the function g e (0) is supported in B e (xo) and B t (—xo), where 

B t (x ) = {x £ S 71 ' 1 : \x - x Q \ < e}. 
The volume of these balls is of the order e n_1 . 

Now we want to show that — — - — (fe(@) r ~ n+1 ) {%) can be made as 



dxidxj 



small as desirable if e is small. First let us show that 

therefore A (g £ (0)\y\~ n+3 ) (£) is of the order e~ 2 . 
To prove this, consider the function 



dyf 



9e O 



and 



/(*) 



2 e i-\x-x \ 2 ^ | x _ Xo | < 1 

2 e l-i^op if|x + x |<l 
, otherwise, 



where x G S n . 

The function / is infinitely differentiate, so all its derivatives are bounded. 

' x/\x\ — Xq 



Also / 



+ = fe( x /\ x \)- Therefore, 
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k 



dx^ 



fe(x/\x\) 



d k f x/\x\ — xq 



dx 1 ! 



f 



+ x 



<C k e~ 



where C k depends on k but not on x. 

3 d< 



The same is true for the derivatives of g e (9) = f £ ( y-7 ) -pro j i- e - 



y\j \v\ 



Qyk * I , , 



<C k e- 



Therefore, 



lS"- 1 n(x/\x\ 2 ) 1 - 
<C 2S up\A(g £ (6)\y\- n+3 ) 



A(g £ (6)\y\- n+3 ) (Ode 



< 



'(S e (a;o)US e (-a;o))n(a;/|x|2) ± 



= 0(rt n "") = 0(e n ' 4 ), 

since the volume of the balls B £ {xq) and B £ (—xq) is of the order e n_1 and 
the volume of their intersection with a hyperplane is of the order e n ~ 2 . 
d 2 



So 



dxidxj 



(fe(oy 



,-n+l\ A 



0(e n 4 ) and for n > 4 it can be made as 



small as desirable uniformly with respect to x £ S n . 

Using the same argument, we prove that {f £ (9)r~ n+1 ^j A (x) = 0(e n ~ 2 ). 

d 

To get the estimate for — — {f £ {9)r~ n+1 ) (x) we again use Lemma 12.21 



dxi 



and the connection between the Fourier transform and differentiation. Take 

\y\J \y\ \y\ 

_d_ 

dxi 



a close to 1. Then, if g £ (9) = f £ 

{f £ (9)r- n+a+1 ) A (x) = - {g £ (6)\y\- n+a+2 ) A (x) 
^|x| 2 2 / 5 n- 1 |(x,6| 1 - Q A( 5e (0)|y|-«+ Q + 1 )(eK 



2r(2 - a) sin 



(2) 



When a approaches 1, the numerator and denominator in the right hand 
side approach zero. Indeed, let us show that the limit of the numerator is 
zero: 



lim 

O!— >1 /on-l 



\(x,C)r a A(g £ (9)\y\ 



-n+a+l 



A(g £ (9)\y\- n+2 mdt. 



Recall the relation between the spherical Laplacian As and Euclidean Lapla- 
cian A (see, for example, |Grl p. 7]): if / is a homogeneous function of degree 
m, then on the sphere 

A s f = A/-ro(ro + n-2)/. 
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Since g £ {9)\y\ n+2 has degree of homogeneity — n + 2, the previous formula 
implies A(g e (0)\y\- n+2 )(£) = A s (g £ (9)\y\- n+2 )(£). °ue to the fact that A 5 
is a self-adjoint operator, |Cr[ p. 7], we have 



A s (g £ (0)\y\- n+2 )(m = O- 

-i 

Now to compute the limit of © as a —* 0, apply l'Hopital's rule: 

4~ {fe(0)r- n+2 ) A (x) = \x\f f ln\(x,0\A(g E (e)\yr n+2 )(0dt. 

oxi Js"- 1 

Recall that the function g e (9) is supported in the balls B £ {xq) and B £ (—xq). 
Then 



ln|(x,O|A(< ?e (0)|y|-«+ 2 )(£R 



<sup|A( 5£ (^)|yr" +2 )(0|x 
In|(x,OI|de. 

lB £ (x )UB £ (-x ) 

Now we want to estimate the latter integral. Note that it is enough to 
estimate just f B ^ |ln|(x,£)|| d£. Consider two cases. First, suppose that 
x is not perpendicular to any y G B2 £ {xq). In this case one can check that 
\(x, £)| > e/2 and therefore 

/ |ln|(x,OI|de < |ln(e/2)| -vol(S e (x )) =0(|lne| -e^ 1 ) 

JB e (x ) 

since the volume of the ball B £ (xq) is of the order e n_1 . 

In the second case there exists y G B2 £ (xq) such that Consider the 

ball B4 £ (y). Clearly, B2 £ {xq) C B± e {y), therefore 

/ \\tx\{x,0\\^< [ |ln|(x,e)||^- 

JB e (x ) JB iE (y) 

Let us make a change of coordinates from £ E S n ~ l to ( G S n ~ 2 and 
f £ [— vr/2,7r/2] such that £ = yVl — i 2 + £i. The Jacobian is equal to 

t n-2 



If £ € 5 4e (y) then t e [0, 4eVl - 4e 2 ] C [0,4e]. Using the fact 



that x is perpendicular to y, we get 



r r Me -in— 2 

/ |ln|(x,ail^< / / \ln\(x,C)t\\^==dtdC 

/■ / Me *n— 2 Me j.n— 2 \ 

<2/ (/ |ln|(a;,C)||i n " 2 dt+ f \lnt\t n - 2 dt) d£ 
Js n - 2 \Jo Jo J 

for a small e. The first integral can be estimated in the following way: 



NON-INTERSECTION BODIES. 



7 



/ |ln|(x,C)||^ t n - 2 dt = 0{e n - 1 ). 
Js n ~ 2 Jo 

Using integration by parts in the second integral, we get that 



4 £ 1 

\ln t\t n - 2 dt = lni-f 1 " 1 



4e 



n — 1 
= 0(\lne\ -e n - x 

Therefore, 



o re — 1 



4e 

t n ~ 2 dt 



5b, 



|ln|(x,0l|de = O(|lne| ■ e^ 1 ] 

I B E {x )UB,{-x ) 

and 

A (/ £ (^)r-" +a+1 ) A (x) = 0(| lne| • ^~ 3 ). 



□ 



(|x|l) A (t) = 2« +n W 2 ^-^|t|- n - 9 . 



Lemma 2.5. Zf n > 5, i/ie frody i^T is convex for small enough e. 

Proof. Let |-|2 be the Euclidean norm. By |GS| p. 363] the Fourier transform 
of \x\\, q S (— re, 0) equals 

Using this formula and the definition of the body if 
IMI* 1 = ((l-/ £ W)r~" +1 ) A (x) 

= C n \x\^-{f E (8)r- n+1 ) A (x), (3) 

27r (n+i)/2 
where C n = — ^ . 

Let -ffyK be the section of if by a 2-dimensional central plane W with an 
orthonormal basis £i, £2- So, if x € W D then x = £1 cos + £2 sin <^>, 

£ [0, 2-71"]. To show that K is convex, it is enough to show that Ky/ is 
convex for any W . 

Consider a function 

Pw(<t>) = (fe(0)r- n+l ) A (& cos0 + £ 2 sin0). 
By the definition of if, the radial function of if^ is given by 

p(4>) =C n - pw ((/>)■ 
To prove that K\y is convex, we need to show that for small e 

J(W,e,<f ) ) = 2(p') 2 -p"p + p 2 >0 
for every W and 4>, see |Ga2| p. 25]. 
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Computing the derivatives, 
To estimate p' and p", consider 



(Pw(<P)) ■ 



d<p 



{pw(4>)) 



o 



E£e«<*> 



,-n+l\ A 



1=1 



dXi 



< 2 



3 



e^> 



8=1 



r " +1 ) A (x) 



since X = £i cos (j) + £2 sin </> and 
dx 



sin + £ 2 ,i cos </>| < 2. 



Similarly, 



{pw(4>)) 



< 4 



E 

»ii=i 



a 2 



dxidxj 



{fe{0)l 



i+l\ A 



(X) 



By Lemma l2~H we have p' = 0(| ln£|e n_3 ) and p" = 0(e n_4 ). Since these 
estimates are uniform with respect to <j> and W, it follows that, for small 
enough e, J(W, e, <fi) > for every <f> and W. 

□ 

In |K1| Lemma 1] the following was proved. Let / be an even continuous 
homogeneous function of degree — n + 1 on R n \ {0}. Then / is a continuous 
function outside of the origin and for every £ G 5 n_1 , 



f(0 = vr 
Using this formula, 

((1 - f £ (6))r- n+1 ) A (x) = tt 



f(6)de. 



5™- 1 n{(x,6»)=o} 



(i-Ue))de, 



(4) 



(5) 



Lemma 2.6. For every (n — 1)- dimensional subspace V of M. n , the body 
K D V is an intersection body. 

Proof. Fix an (n — l)-dimensional subspace V of M. n . By the definition Q 
of the body K and formula © 



1„ 

— \\x\ 

IT 



K 



S™-in{(a:,0)=O} 



(1 - f E {e))do. 
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In particular, for x G V, 

-Mkhv = I (i-f £ (e))de, 

n J s n - 1 n{(x,9)=o,xev} 

where {(x, 9) = 0, x G V} is the hyperplane of all 9 that are perpendicular 
to x for a fixed x £ V. 

Let us change coordinates from G S n ~ 2 = S 71 ^ 1 n {(x, #) = 0, x G V} to 
<p G [0, tt] and £ G 5 n ~ 3 = S n ~ 2 n {(x, 0) = 0, x G V}. The Jacobian is equal 
to (sine/.)™- 3 . So 

rll*nv= / f r(l-/ £ (e,0))(sin0)"- 3 #')^ 



7T 



= / f /"(sin,/))"- 3 ^- f / e (£,c/>)(sin^ n - 3 #W 

J s n - 2 n{(x,e)=o,x€V} \Jo Jo J 

Taking the Fourier transform of both sides, as functions of the variable 

x G V, and using Q 

(Nl*nv)>) = * /"Vn^r-^-vr r/ £ (0)(sin«^r- 3 # 



'0 JO 
for (9 G S n - 2 . 

By the definition, / e is non-zero only in an e- neighborhood of xo, so there 
exists a set R £ C [0,7r] such that f £ (£,4>) = for G [0, 7r] \ R £ . Also, 
|/ £ | < 2 and \R e \, the length of the one-dimensional set R e , is of the order 
e. Therefore, 

r/ £ (£,0)(sin0)"- 3 # = / / £ (O)(sm0) n - 3 ^ 

J Re 

< 2\R e \=Ce, 

where C does not depend of the choice of V. 

Since Jq (sin (p) n ~ 3 dej) is equal to some positive number, 

/*7T /"7T 

/ (sin0) n ~ 3 #- / / £ (0)(sin0) n ~ 3 # > 
Jo Jo 

for a sufficiently small e, which means we can find e small enough that 

(||x||^- 1 nV ,) A (9) > for all 9. Therefore by |K2| Thm.l], for small enough 

e, for every (n — l)-dimensional subspace V of M n , the body K n V is an 

intersection body. □ 

Now Theorem 12.11 follows from Lemmas 12.31 12.51 and 12.61 

Remark 1. By a result of Neyman [Nj . for any finite system of equations 

and inequalities involving the norms, there exists a subspace of L p , < p < 2 

that does not satisfy this system. Since, by |K2j . the unit ball of every 

finite dimensional subspace of L p , < p < 2 is an intersection body, we 

conclude that the class of intersection bodies cannot be characterized by a 

finite number of equations or inequalities. 
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Remark 2. For n = 5 the fact that there exists a non- intersection body 
whose central sections are intersection bodies follows from the solution of the 
Busemann-Petty problem since every four-dimensional symmetric convex 
body is an intersection body, see |(tKS| . |Zh2j . 

Acknowledgments. The author is thankful to A.Koldobsky and V.Yaskin 
for their valuable help in preparation of the paper. 
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